Introduction
Accurate prediction of the structural response Induced by both mechanical and thermal loads Is an Important factor In the design of many structures. Intense pressure and heat transfer rates may produce severe stresses that reduce the structural pedormance and may cause structural failure.
Research is underway to Improve the efllclency and accuracy of the structural analysis procedure.
An adaptive unstructured meshing technlquef has been shown to Improve the efficiency and accuracy 2 of the high speed flow analysis, the thermal, and structural analyses of continuum structures In two dimensions by the finite element method. The technique generates a new mesh based on the solufion obtained from an earlier mesh. The new mesh consists of small elements in the regions with large changes in solution gradlents and large elements In other regions where the gradient changes ere small. Because the technique generates proper element sizes automatically, It Is especially suitable for complex problems where a priori knowledge of the solutions does not exist.
Herein, the technique has been extended to construct adaptive meshes for structural analysis of "builtup" structures. Such structures are commonly modelled by using two-dimensional membrane and plate bending finite elements.
A new triangular plate bending element to be used with the adaptive unstructured meshes for efficient thermal stress solution Is Introduced in this paper.
The paper, however, will concentrate on the evaluation of the adaptive unstructured meshing technique for providing solution accuracy as well as increasing computational efficiency for thermal stress analysis of structures.
The governing differential equations for pradlctlng the structural response due to both thermal and mechanical loads will be presented first. The triangular membrane element with temperature distribution over the element and a new triangular plate banding element with temperature gradient through the element thickness will be described.
The corresponding finite element equations and the associated element matrices will be derived and presented.
The basic concepts of the adaptive unstructured meshing technique and the selection Of the meshing parameters used for / / construction of new meshes will be explained. Before applying the adaptive unstructured meshing technique to complex problems, the technique will be evaluated for the stress analysis of a panel with a circular cutout where the exact solution is available. The performance of the new triangular plate bending element under the thermal load will then be evaluated using an example of a plate with temperature gradient through its thickness for which the exact solution is also available. Finally the adaptive unstructured meshing technique for built-up structures will be evaluated by the thermal stress analysis of convectively-cooled intersecting frame stiffened panels in which the adaptive mesh solution will be compared with a fine mesh solution.
Thermal
Stress Analysis Procedure
Governing Equations
The equations for the In-plane deformation and the transverse deflection of a plate that lies in a local x-y coordinate system are briefly described herein.
In-Plane
Deformation. 
The thermal moment MT iS defined in Eq. (6). The vector of the equivalent nodal forces due to thermal loading, (Fb}, above can also be derived in closed form. For an element with arbitrary temperature distribution through the plate thickness, T = T(z), this vector, {Fb}, is
where the matrix [G] has been derived and given in the Appendix. Note that, for general built-up structures, elements can be arbitrarily oriented in three dimensions. Transformation of these element matrices from a local xy-z coordinate system to a global X-Y-Z coordinate system is required before assembling them to obtain a set of simultaneous equations. In such a global X-Y-Z coordinate system, each node has six degrees of freedom which are the three translations and the three rotations.
The matrix transformation procedure, however, can be easily worked out and is not presented herein for brevity. 
Adaptive
where _.max iS the largest elgenvalue of all the nodes in the previous mesh and hmln is the specified minimum nodal spacing for the new mesh.
The second derivatives of the key parameter, 4), are determined using the following procedure. The first derivative (e.g. with respect to x) is assumed to vary over an element in the form, 
RemeshlngParameters
The adaptiveremeshing technique requiresa selection of properkeyparameters (4_ in Eq. (17)).For structural problems undermechanical loadalone, stress Is an appropriate chotce.However, the keyparameter representing thestress should bea scalar quantity which takesintoaccount allthestress components, suchas the Von Mises stress defined in two dimensions by, OVonMise, = _2 _(O'x -Oy)2 + O_x + O_y + 6_y
For structural problems under both mechanlcal and thermal loads, the structural temperature and the Von Mises stress should be used as the key parameters for remeshing simultaneously so that the mesh generated can accurately represent the prescribed temperature distribution and can capture the high thermal stress as well as the mechanical stress concentration.
Applications
Three example problems are presented. The first example demonstrates the effectiveness of the adaptive unstructured remeshing technique on a plane stress problem using CST elements.
The second example is used to evaluate the performance of the triangular DKT plate bending element under thermal loading. The third example combines both the CST and DKT elements and demonstrates the capability of the adaptive unstructured remeshing technique for a built-up structure. Fig. 2(a) . Details of the mesh near the cutout are shown in Fig. 2(b) . W'dh this mesh, a plane stress analysis with CST elements was performed to predict the panel deformation and the stress distributions.
Panel With Circular
The contours of the normal stress (ay) distribution in the longitudinal y-direction near the cutout are shown in Fig. 2(c) . The peak predicted stress (oy) at the cutout is 19.5 ksl compared to the exact peak stress of 30 ksl. The 35% error In the peak stress Is due to the large elements used near the cutout region.
The Von Mises stresses obtained from this initial mesh solution are used as the key parameter for the adaptive remeshing. The new adaptive mesh, shown In Fig. 3(a) , has approximately 20% fewer nodes and elements (149 nodes and 250 triangles) than the initial mesh. However, small elements are concentrated in the region of high stress gradients near the cutout (shown in Fig. 3(b) ) to provide a more accurate stress solution. The normal stress (Oy) contours obtained with this mesh are shown in Fig. 3(c) . The peak predicted stress (Oy) at the cutout is now 28.5 ksi which is only 5% lower than the exact level of 30 ksi.
The normal stress (Oy) distributions along the xdirection at y=0 obtained from the initial and the adaptive meshes are compared with the exact stress distribution In Fig. 4 . By defining a percentage error based on the L2 norm of the form, The top and bottom surface temperatures are 630°R and 530°R, respectively. A comparison of the finite element and the exact transverse deflection solutions along the xdirection at y=O is shown in Fig. 6 . The figure shows that the DKT plate bending elements essentially provide an exact transverse deflection solution.
As described earlier, all the DKT plate bending element matrices are evaluated In closed form. This simplifies the programming task, reduces the computational effort and eliminates numerical error that may Occur in generating such element matrices. In addition, reference 6 has demonstrated the effectiveness of this element for providing solution accuracy for plate bending problems under different types of the mechanical load. The example presented herein demonstrates the performance and the capability of the DKT element for providing accurate structural response due to the thermal load. The next example will combine the CST elements (used in the first example) and the DKT elements (used in this example) with the adaptive unstructured meshing technique for thermal stress analysis of a more complex built-up structure.
Thermal Stress In Intersecting Panels
To demonstrate the capability of the adaptive unstructured meshing technique for thermal stress analysis of more complex structures, a three-dimensional structure which represents a scramjet engine inlet is considered. The structure experiences high heat transfer rates from the impingement of an oblique shock from the vehicle forebody as illustrated in Fig. 7 . The localized heat transfer rates result in high temperature gradients and their attendant thermal stresses In the engine panel. A typical "built-up" engine inlet structure, shown in the lower dght corner of the figure, may consist of panels and stiffeners and may be actively cooled.
To perform the thermal stress analysis of such a structure, a finite element model consisting of two-dimensional plate bending and membrane elements for the panels and the stiffeners is required. Note that, In constructing such a finite element model, the same nodal discretization is generally required along the interface between the stiffeners and the panels. Such a discretization constraint, combined with the requirement of placing fine elements at the high thermal stress regions for an accurate thermal stress solution, is tedious if done nonadaptively. Furthermore, several modelling iterations may be needed before achieving the desired solution accuracy.
For the purpose of demonstrating that the thermal stress solution accuracy can be improved by using the adaptive unstructured meshing technique, both the structural temperature distribution and the structural boundary conditions are prescribed as shown in Fig. 8 . The structural boundary conditions are applied such that the Intersecting panels can move freely in the global X, Y, and Z directions as illustrated in the figure.
The prescribed temperature distribution simulates the structural temperature response from the shock impingement illustrated in Fig. 7 . The distribution is assumed to decay radially as a quadratic function from a peak of 700°R (at the centers of the two "hot spots') to 50°R (in the regions away from the two hot spots) as illustrated in Fig. 8 .
The temperature of 50°R is representative of the coolant temperature.
For most thermal stress problems, high compressive stresses normally occur at the high temperature and temperature gradient regions. Refined finite elements are thus needed in these regions. For more complex structures, high thermal stresses may also occur in other regions that have lower temperature or temperature gradients depending on the complexity of the structures and how they are constrained.
Thus, in the standard finite element analysis procedure, a relatively fine finite element model is normally employed first to identify such high thermal stress regions. An example of a fine finite element model is shown in Fig. 9(a) which  consists of 3,168 nodes (19,008 degrees of freedom) and 6,114 triangular elements.
The predicted thermal stress distribution in the Ydirection superimposed on the deformed geometry (greatly exaggerated), obtained from this fine finite element model, is shown In Fig. 9(b) . As expected, high compressive stresses with a magnitude of 25 ksi occur at the two hot spots. However, a tensile stress of 54 ksi occurs between these two regions. Such phenomenon may not be anticipated before analyzing the problem or before constructing the finite element model. This example demonstrates a need for an automated analysis procedure that can provide an accurate solution without a pdod knowledge of the solution.
The solution for this fine finite element model requires a computational time of approximately 13 CPU hours on a VAX-8550 computer. This computational time can be reduced significantly by placing larger elements in the regions away from the hot spot regions. As mentioned earlier, construction of a finite element model with different element sizes while maintaining the same nodal discretization along the interface between various structural components is difficult. Furthermore, it is also difficult to construct a finite element model using all the four-node quadrilateral elements to satisfy such requirements and to achieve smooth transition of element sizes from the fine to the coarse mesh regions. These difficulties can be alleviated and the analysis computational time can be reduced by the adaptive unstructured meshing technique described next.
Application of the adaptive unstructured meshing technique starts by constructing a fairly uniform but coarse initial mesh as shown in Fig. 10 . This initial mesh consists of 547 nodes (3,282 degrees of freedom) and 994 triangular elements, which is approximately 1/6th the size of the previous mesh. The predicted thermal stress distribution in the Y-direction superimposed on the deformed geometry is shown in Fig. 11 . The peak compressive stress at the two hot spots is 20 ksi while the peak predicted tensile stress between the two hot spots is 33 ksi (approximately 40% lower than the fine mesh solution shown in Fig. 9) . These triangles provide smooth transition of the element sizes from refined to coarse mesh regions, i.e. in the neighborhood of the hot spots as shown in the figure.
The smooth element transition provides a comparable stress distribution to the fine mesh solution as indicated by comparing the stress contours obtained from the adaptive mesh model (Fig.  13) and the fine mesh model (Fig. 9) .
This last application demonstrates that, without a pdod knowledge of the solution, the adaptive unstructured remeshing technique provides the same thermal stress solution accuracy as the fine mesh solution but at a reduced analysis computational cost. The size of the copper intersecting panels used in the thermal stress analysis in the last example is assumed to be 6 x 10 x 4 inches in the X, Y, and Z directions (see Fig. 8 
Concluding

